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Abstract. In linear transport, the fluctuation-dissipation theorem relates equilibrium current corre- 
lations to the linear conductance coefficient. Theory and experiment have shown that in small elec- 
trical conductors the non-linear I-V-characteristic of two-terminal conductor exhibits terms which 
are asymmetric in magnetic field and thus micro-reversibility is manifestly broken. We discuss a 
non-equilibrium fluctuation dissipation theorem which is not based on micro-reversibility. It con- 
nects the antisymmetric nonlinear conductance with the third cumulant of equilibrium current fluc- 
tuations and a noise term that is proportional to temperature, magnetic field and voltage. 
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Linear and nonlinear transport coefficients 

The linear transport regime is governed by microscopic reversibility. Based on this 
principle, Onsager derived the symmetry of transport coefficients of irreversible pro- 
cesses [1J. For electrical conductance, this means that the linear conductance G\ of a 
two-terminal conductor is an even function of magnetic field. Another consequence of 
micro-reversibility is the fluctuation dissipation theorem [2 J which states that the equi- 
librium fluctuations S eq are proportional to temperature and to the linear conductance 
[O (kg is the Boltzmann constant), 

Gi(B) = Gi(-B), S eq = 2k B TG x . (1) 

Eqs. ([j} are cornerstones of linear transport theory JH. 

The question whether there exist fluctuation relations which apply beyond the lin- 
ear transport regime has long been of interest (H. Recently the question was raised 
specifically for mesoscopic conductors in the context of theoretical works that charac- 
terizes transport not only by conductance and noise [6| but in terms of the full count- 
ing statistics Q. An early discussion is provided by Tobiska and Nazarov flU and fol- 
lowed by different discussions [|9l [101 [TQ EE2l • In particular Saito and Utsumi [fT2l pro- 
posed a fluctuation relation in the presence of a magnetic field. Their derivation as- 
sumes that micro-reversibility also holds beyond the linear transport regime. However 
it has been known both from theoretical works [fT3l IT4l [T51 [T6l and from experiments 
IfTTl [M EES I2Q1 ED 1221 that the current proportional to the square of the voltage (the 
rectification coefficient) is in general not an even function of magnetic field and thus 
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FIGURE 1. Left: The root mean squared symmetric Gs and antisymmetric Ga rectification coefficients 
of a chaotic quantum dot with two contacts (inset) as a function of flux through the dot. <t> 6 = h/e is the 
crossover flux for the transition from 'low' to 'high' magnetic field (after Ref. [15|). Right: Sketch of the 
noise as a function of voltage; for finite magnetic field it can drop below the Nyquist-Johnson noise S eq . 



manifestly breaks micro-reversibility. Therefore, it is interesting to ask whether non- 
equilibrium fluctuation relations exist even in the case when there is a manifest departure 
from micro-reversibility. The surprising answer is, yes, even for samples with magnetic 
field asymmetry, there exist fluctuation relations [|23l . 

We now emphasize the leading order behavior in temperature kgT , magnetic field 
B, and voltage V. Expanding the current / through a mesoscopic system up to the first 
nonlinear contribution defines the nonlinear conductance coefficient G2 = [d 2 I /dV 2 ] eq ,, 

I = GiV + (l/2)G 2 V 2 + ..., G A ~B. (2) 

The nonlinear transport coefficient G2 can be decomposed in a part Gs that is an even 
function of magnetic field and exists also for non-interacting conductors and a part Ga 
that is asymmetric in magnetic field and that exists only for interacting conductors, 
G s / A = G2(B) ± G2(—B). For a weak field the antisymmetric part is Ga ~ B. In chaotic 
cavities G2 is a consequence of quantum interference and the coefficient fluctuates from 
sample to sample. It is zero on average. It's mean squared value for a magnetic flux larger 
than a flux quantum is given by Sanchez and one of the authors. The entire crossover 
from low to high magnetic field is discussed by Polianski and one of the authors [fT5l 
and is illustrated in Fig. 1. The crossover flux <J> C occurs at magnetic fields generating a 
flux through the sample much smaller than the flux quantum &Q = h/e. Experiments on 
chaotic cavities were performed by Zumbiihl et al. ifTTI . Experiments on rings [120112711 
and carbon nanotubes lfT8l demonstrate that magnetic field asymmetry is generic. It 
has been investigated also for multi-terminal Hall bars ll22l . While the work on chaotic 
cavities emphasizes the quantum nature of the effect, at high magnetic fields orbital 
effects can lead to a classical magnetic field asymmetry |[T6ll . 

The magnetic field asymmetry of the nonlinear coefficient implies the absence of 
microscopic reversibility out of equilibrium. Large external voltages modify the electron 
density within the conductor, which is subject to Coulomb interaction. In other words, 
the local internal potential U = U(r,V) of the conductor responds to the shifts of the 



applied voltage V and has to be determined self-consistently. Crucially, the internal 
potential is not necessarily an even function of the magnetic field B, but has both 
symmetric and anti- symmetric components. Therefore, scattering from left to right at 
+B does not occur with the same probability as the corresponding process from right to 
left at —B: This is nothing else but a lack of micro-reversibility out of equilibrium. 



Fluctuation relation for nonlinear transport 

We could expect that with the absence of micro-reversibility, fluctuation relations 
similar to ([T]) would also not exist. However, this is not the case. Just like the current, 
also the noise S can be expanded around equilibrium for eV <C k B T, defining the linear 
and quadratic coefficients Si and 52, 

S = S eq + S { V + (1/2) S 2 V 2 + ... (3) 

The noise susceptibility S\ = [dS/dV] eq , is the deviation from equilibrium noise linear 
in voltage. This contribution contains emerging shot noise. As for the nonlinear con- 
ductance, we define the (anti-) symmetric noise susceptibility S s n = S\(B) ±S\(—B), as 
well as the (anti-)symmetric third cumulant at equilibrium = C^ q '(B) ±C^ q '(—B). 
Surprisingly, one can derive nonlinear fluctuation relations without making use of mi- 
croscopic reversibility [|23l . These relations imply on the one hand that the symmetric 
third cumulant vanishes at equilibrium which means that it is odd in magnetic field, and 
that the symmetric linear coefficient of noise is proportional to temperature and to the 
nonlinear conductance coefficient. On the other hand it states that the antisymmetric 
third cumulant is composed of the corresponding linear noise coefficient and nonlinear 
conductance, 

S s = k B TG s , C e s q - = 0, <?/ = 3k B T(S A -k B TG A ). (4) 

The third cumulant at equilibrium vanishes if the transmission through the conductor 
does not depend on energy. Taking into account the first order correction linear in 
energy, the third cumulant is proportional to (k B T) 2 . The magnetic field symmetry of 
the third cumulant at equilibrium is a consequence of micro-reversibility at equilibrium: 
One can show ll27l . that this implies even (odd) cumulants at equilibrium to be even 
(odd) in magnetic field, in particular C e A q ' ~ B for weak fields. Altogether, this has the 
following consequences: First, the symmetric noise susceptibility Ss has the same 5-field 
dependence as the nonlinear conductance G5. Second, the antisymmetric contribution to 
noise is proportional to magnetic field, temperature and voltage for weak fields [|23ll24l . 

S A ~ k B TBV. (5) 

Thus in the presence of electron-electron interaction the noise is not an even function 
of magnetic field and voltage (see Fig.[T]). Note that there exists a range of voltages for 
which the non-equilibrium noise is below the Johnson-Nyquist noise [|25l . 

We emphasize that fluctuation relations have been derived before for systems without 
magnetic field (H HI and also in the presence of a magnetic field |fl2|. The symmetric 



fluctuation relations in Eqs. ([4]) are identical to those from Ref. lfT2ll which means that 
they remain valid even in the absence of microscopic reversibility. The antisymmetric 
relations however differ: A derivation [12J based on micro-reversibility leads to the con- 
clusion that Ga and Sa in a two-terminal system both are proportional to the asymmetric 
third cumulant, C e A q ' ~ Ga ~ Sa, which means that they are even functions of magnetic 
field for systems with a vanishing third cumulant. In contrast our derivation of the fluctu- 
ation relation in the absence of micro-reversibility permits terms asymmetric in magnetic 
field for the nonlinear conductance and the noise susceptibility even if C eq ' = 0. 



Derivation 

The importance of the fluctuation relation and also its generality require a careful dis- 
cussion of the derivation. It is possible to derive the fluctuation relations from the full 
counting statistics without specifying any model of interaction. The full counting statis- 
tics of a two-terminal conductor is the probability distribution P(Q) that a number of 
Q charges are transmitted into the reservoirs during the measurement time t. The distri- 
bution function P(Q) is expressed by the generating function F(iX) = lnY*QP(Q) e '^®> 
where the counting field X is the conjugate variable to Q. In the long time limit, all 
zero-frequency cumulants of the current can be expressed using derivatives of the gener- 
ating function with respect to the counting field, evaluated at A = 0. The mean cur- 
rent and the noise are given by derivatives of F with respect to the counting field, 
/ = (e/it)[dF/dX]x=o, S = (e 2 /i 2 t)[d 2 F / d X 2 ]x=q, thus the rectification coefficient, the 
noise susceptibility and the third cumulant at equilibrium are explicitly 



e d 3 F 

G 2 



itdXdV 2 



ft dX 2 dV 



c e q . _ e 3 d 3 F 



e 2 d 3 F 

' (6) 



' 3 fit dX 3 



with the index meaning X = V = 0. We assume the temperature in the left and right 
reservoir to be equal, and call the ratio A = eV /ksT the affinity of the system, with 
V = Vl — Vr the applied voltage. A magnetic field B perpendicular to the conductor is 
externally controlled. 

It is convenient to use the notation F = F(iX,A) in order to emphasize the dependence 
of the generating function on the affinity. A derivation of the nonlinear fluctuation 
relation is based on the following properties of the generating function: 

F(0,A) = 0, F(-A,A)=0, F(iX,0,+B)=F(-iX,0,-B). (7) 

The first equation represents conservation of particles, which in terms of the distribution 
function is expressed by £g P(Q) = 1- More subtle is the second identity. It defines a 
special symmetry point of the generating function, which translates for the distribution 
function into a global detailed balance relation Y^qF^Q)^® = (^ A ^) = 1- Importantly, 
this can be derived without making use of micro-reversibility, and for arbitrary electron- 
electron interaction. The only assumptions made are that the system consisting of con- 
ductor and leads is at all times described by the number of particles in the different 
components, and that both the total energy and the total number of particles is con- 
served. For a derivation see Ref. [27J. Only the third equation in ([7]) makes a statement 



on the magnetic field symmetry of the generating function, it corresponds to the micro- 
reversibility at equilibrium. From this follows, that even (odd) cumulants at equilibrium 
are even (odd) in magnetic field. 

The fluctuation relation can be obtained from the above identities. To this end, 
consider the generating function with variables iX and — iX — A, expanded into Taylor 
series around iX = A = 0: 

F(iX,A) = (8) 
kl Kd - 

w -i a a\ ^A~A-iX) k A l v ~ {iX) p A q 
F(-iX-A,A) = TTn = , ^ 

The Taylor coefficients are given by f u = [d k+l F(iX,A)/d(iX) k dA l ]o and f pq = 
[d p+q F(-iX - A,A)/d(iX) p dA q ]o. As indicated by Eq. @, the coefficients f u are 
directly proportional to response coefficients. From Eq. Q, a relation between the 
coefficients f pq and is defined: 

fp q =i{ q \- l ) P+n fp^ q -n (10) 

77=0 \ n J 

Now the symmetries defined by Eqs. ([7]) are crucial, they determine that the coefficients 



fo q and fo q all vanish. Setting p = in Eq. ( 10 ) and separating the first and the last term 
in the sum one obtains 

U = -I,( q )(-l) n fn,q-n. (11) 
n=\ W 

This actually represents a multitude of fluctuation relations, relating different response 
coefficients of current cumulants of different order. More details on this, and a graphical 
representation of the fluctuation relations are given in Ref. Il23ll . Here, we concentrate 
on the first nonlinear fluctuation relation, Eq. ([4]), which follows from the above identity 
by setting q = 3: 

/30 = 3(/21-/l 2 ). (12) 

Only from the third equation in Eqs. (|7]), the magnetic field symmetry of the Taylor co- 
efficients fqo is determined. It says in particular that the symmetric part f^ Q vanishes, but 
makes no statement on the asymmetric contribution. Identifying the Taylor coefficients 
fn and /21 as proportional to the nonlinear conductance and the noise susceptibility 
respectively and (anti-)symmetrizing, the fluctuation relations Eqs. ([4]) are directly ob- 
tained. It is important to notice that the nonlinear fluctuation relations take on the form 
([4]) only for a two-terminal conductor. The case of a conductor with multiple terminals 
is discussed in Ref. 11231 . 



Conclusion 



The linear transport regime is governed by Onsager-Casimir relations and the 
fluctuation-dissipation theorem, both derived from the principle of microscopic re- 



versibility at equilibrium. In the nonlinear transport regime, interactions can not be 
neglected anymore. They can lead to a lack of micro-reversibility out of equilibrium 
and in the presence of a magnetic field. A consequence is a contribution to the mean 
current proportional to magnetic field and quadratic in voltage as well as a contribution 
to the current noise linear in magnetic field and in voltage. We have shown that even 
in this case fluctuation relations exist: interestingly a noise contribution proportional to 
temperature, magnetic field and voltage is linked to the asymmetric nonlinear conduc- 
tance and the third cumulant of equilibrium current fluctuations. To our knowledge, this 
relation has not yet been experimentally verified. Mesoscopic physics with its highly 
controlled and accurate experiments would seem especially suited to demonstrate a 
non-equilibrium fluctuation relation. 
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